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Abstract. We consider the initial-boundary value problem for the coupled 
*vj ' Navier-Stokes-Keller-Segel-Fisher-Kolmogorov-Petrovskii-Piskunov system in 

two- and three-dimensional domains. The problem describes oxytaxis and 

growth of Bacillus subtilis in moving water. We prove existence of global 

CU , weak solutions to the problem. We distinguish between two cases determined 

^f^ ■ by the cell diffusion term and the space dimension, which are referred as the 

; ' supercritical and subcritical ones. At the first case, the choice of the growth 

r^ ' function enjoys wide range of possibilities: in particular, it can be zero. Our 

results are new even at the absence of the growth term. At the second case, 
the restrictions on the growth function are less relaxed: for instance, it cannot 
be zero but can be Fisher-like. In the case of linear cell diffusion, the solution 
is regular and unique provided the domain is the whole plane. In addition, we 
study the long-time behaviour of the problem, find dissipative estimates, and 
construct attractors. 
> 

o 

Tjj- , 1. Introduction 



a 



CO . Let us fix a number T > and a domain il C W^, witli d = 2,3, which can be a 

^^ I bounded open set locally located on one side of its C^-smooth boundary dfl or the 

I i whole space M'' itself. In the cylinder Qt = (0, T) x 51, we consider the following 

set of equations 

(1) dtn + u-Vn~ A(n"') = -V • (x(c)nVc) + f{n). 



^ 



(2) dtc + u-Vc- Ac^-k{c)n, 

(3) dtu + u-Vu- All + Vp= -nV(j), 

(4) V • u = 0. 

Here c{t, x) : Qt —^ K, n{t, x) : Qt —^ K, u{t, x) : Qt ^ M'' and pit, x) : Qt —^ 
M are the oxygen concentration, cell concentration, fluid velocity, and hydrostatic 
pressure, respectively. The scalar functions k, x a-nd / determine the oxygen con- 
sumption rate, chemotactic sensitivity, and bacterial growth, resp., : Qt — )■ K is 
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the potential produced by the action of physical forces on the cells, and to > 1 is 
the nonlinear diffusion exponent. The cases m = 1 and / = are not excluded. 

The system is complemented with the no-flux boundary conditions for n™ and 
c, and the no-slip condition for w, 

(5) ^=0, ^=0,u(.)=0,xeai7, 
and with the initial conditions 

(6) n{{) , x) — nQ{x) , c({),x) — cq{x), u{Q , x) — Uf){x) , x £ VI. 

cf. [iii[2ni[ii[i[isi[i[ii[ni[ini[ii[Ti[Tni[niiniii[7i[5]. 

2. Preliminaries 

The symbol C will stand for a generic positive constant that can take different 
values in different lines, whereas Ki, i = f , 2, . . . , will be fixed positive constants. 

Denote {u,v) = J^u{x)v{x)dx, uv e ii, and ||u|| = ^J{u,u) (the norm in £2). 
||u||; stands for the norm in iJ', I € N. 

We set {x) — yj\ + jxp in the case Vl — W^, and {x) — 1 for bounded Q,. 

The symbols C{J; E), Cw{J', E), L2[J] E) etc. denote the spaces of continuous, 
weakly continuous, quadratically integrable etc. functions on an interval i/ C M 
with values in a Banach space E. A pre-norm in the Frechet space C([0, +00); E) 
may be defined by the formula 

+00 



1 + llt, 



^\c ([o,i]■.E) 



Definition 2.1. A triple (n, c, u) is a weak solution to the problem (H}-® provided 

^> 0, c> 0, 

nGLoo(0,T;Li)nL2(0,r;i2)nL„,(0,r;i„)myii(0,T;(W^i)*), 
/(n) e Li(0,r;Li), V(n'") e Li(0,r;Li), 

c e Loo(o,r;Loo n i/i) n L2{Q,t-h^) n i/i(o,r; (ffi)*), 

u e L^{0,T■L2)r\L2{0,T■V)f^Wl{Q,T■V*), 
and for any test functions C e VF^, G i?^, tp £ V one has 

(7) ^(n, C) - (un, VC) + (V(n™), VC) - (x(c)nVc, VC) = (/(n), C), 

(8) ^(c, 6) - (uc, V9) + (Vc, V9) + {k{c)n, 9) = 0, 

(9) £{u,^)-J2 ("»w„|^)+(Vu,VV) + (nV0,^)=O 

i,j = l 

a.e. on (0,T), and the equalities ^ hold in the spaces (W^)* , (H^)* , V* , resp. 
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3. The supercritical case 

Theorem 3.1. Let m > ^. Let e Li{0,T;Li^ioc) with Vcp e L2iO,T;L^). 
Let k, X and f be continuously dijferentiable functions, x' ^ 0; ^ ^ 0; ^(0) — 0, 
/(O) > (but /(O) = forn = M'^; and 

(10) /(y)</(0) + Cy 

for y > 0. 

Let no e LiD imax(i,m/2), nolnno G Li, (•)no(-) G Li, Co £ -ff^ H Loo, "o > 0, 
Co >0,uqCz H. Then problem ([T])-([S]) possesses a weak solution. 

Proof. Let us show that a solution {n, c, u) to (HJ-® satisfies the following formal 
a priori bound: 

(11) \Ml^{0,T-L2) + ll"ln"l|L„„(0,T:Li) + || OH L<^(0,T;Li) + II Vc|| l^(o,T;L2) 

+ l|Vu|U,(o,T;L.) + II"IIl.(o,T;L.) + II""/'IIl.(o,T;L.) + II Vn™/^ |j ^^ ^^^^.^^^ 

+ II/(")IIli(o,T;Li) + ll/(")lnn||i^(o,T;Li) + IIcIIl^CcT;^^) < C. 
Letting ^ = 1 in ([7]), we get 

(12) j^\\n(t)U,= ff{n{t,x))dx, 



(13) |l|n(i)||L, + ||/-(n)|U, = ||/+(n)||L, 



<J /(0)dx + C||n(i)|U, <C(l + ||n(i)||Lj, 
o 
whence 

(14) II^IIlo=(o.T;LO + \\f-{n)\\L,io,T-M) < C. 
But 

(15) |l/+(n)|U,(o.T;L,) < C{1 + |ln|U,(o,T;L,)) < ^(1 + llr^llL^(0,T;L,))- 

Thus, 

(16) I1/(^)I1l,(o.T;L,)<^- 
Putting 6* = cP"\ p > 2, in dHl), we obtain 

-^Hmi <o, 
pdt" ^ ^"^p - 

and thus 

(17) ||c|U^(o,T;L,) < ||c(0)|U^. 
Passing to the limit as p — >■ oo, we derive 

(18) I|c|1l^(o,T;L^) < C. 
Hence, 

(19) IIx(c)||l^(O.T;L^) + l|fc(c)|U„(0,T;L^) < C. 

Note that the fact of non- negativity of c and n is standard and follows from the 
parabolic comparison principle. 
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We now take ( — 1 + \nn in ^ , 6 = —Ac in dH), and -0 = m in dH), arriving at 
(20) 4 /'«lnndx+-(V(n"/2),V(n™/2))-(x(c)Vc,Vn) = (/(n),l+lnn), 



(21) ^t(^^' '^^) + ("^' '^^'^) ~ (^^' '^^'^) ~ (^(c)", Ac) = 0, 

(22) - — (M,u) + (Vu,Vu) + (nV(/),u) = 0. 
Integrating by parts, we rewrite (PU)) as 

(23) 4 fnlnndx + -\\V{n"'^^)f 
at J m 

n 

+ (x'(c)Vc,nVc) + (x(c)Ac,n) == (/(n), 1 + Inn), 
and observe that 

■^ \dxj^ dxidxj J \ ^^ dxj dxidxj ) 



d 



dui d'^c \ 1 / d 



. dxj ' dxidx-j J 2 \ ' dxi 






dc 



2N 



dx-j / -^-^ V dx-j ' dxidx^ 



9u, 9^ 



Now, (1^ reads as 



When ri is bounded, due to classical regularity issues for the Neumann problem 
for the Poisson equation, 

(26) ||c(t)||2<C(||Ac(i)|| + ||c(i)||). 
For the whole space, we have 

(27) ||c(t)|U = ||c(i)-Ac(t)||<||c(t)|| + ||Ac(t)|| 
Hence, in both cases, 

(28) ||c(t)||2<C(||Ac(t)||+l), te(o,r). 
Applying (PSI) and the Cauchy inequality with cpsilon to (P5|) . we get 

(29) ^llVcf + 2K,\\c\\l <C + K2\\\7ur + K,\\nf. 

Observe that both for n > I and n < 1 (since / is C^ -smooth), 

(30) [f{n)lnn]+<Cn\lnn\. 
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Therefore, ^ yields 

(31) -^ /nlnndx + l||V(n'"/2)f + |l[/(n)lnn]_|U, 
at J m 

a 

<C + C\\n\\L,+C\\nlnn\\L,+Ki\\c\\l + K4n\\^. 
Multiply ^ by 2K2 and add with ^ and dSj): 



(32) l\\ycr + jJnlnndx + K,j^\\ur 



+ K,\\c\\l + K2\\Vu\\' + l||V(n™/2)||2 + II [/(n) lnn]_|U, 

m 

< C + C||nlnri||Li + K5\\n\\^ + Ke\\uS/<j)\\^. 

If il = M'^, put ({x) ~ (x) in ([7]) (this test function is unbounded, but ([7]) still 
holds since we are dealing with strong solutions now): 

(33) J^M-)\\l. - {nn,W{-)) + (n", A(.)) + (x(c)nVc, V(.)) + (/(n),(.)). 

Let us estimate the terms in the right-hand side: 

(34) (un,V(.))<C(hir + ||n||2), 

(35) (n™,A(-)) <C||n"/2||2^ 

(36) (x(c)nVc,V(.))<C(||nf + ||Vcf), 

(37) (/(n),(-))<q|(-)n|U„ 
whence 

(38) 3|||n(.)||i, < Xr(l + h|p + ||n|p + !|n'"/2|p + ||Vc!p + !|(-)n|UJ. 



If il is bounded and {x) = 1, ([38)) is a trivial consequence of ([T 
Let us show that 

(39) ||n|p + lln-Z^lp < ^ ||V(n-/^)||^ + C. 

(A5 + A7)m 

Indeed, let m < 2. Let /3 = — for d = 2 and /3 = „ '^ , for d = 3. In both cases 
/3 < 2. Then, using the Gagliardo-Nirenberg inequality, we proceed as 

(40) Ijnll^ + ||n™/2||2 < dWnr + \\n'^Y) ^ C{\\n"^^Y/Z + H^li.) 

< C + C||V(n'"/2)f ||n™/2||4/™-^ ^ C||n™/2||4/™ 

2/771 2/rn 

= C + C||V(n"/2)f||n||^;"'^/' + C||n||i^ < C(l + ||V(n"/2)||^) 

^ ,,^ ^^, l|V(n"/^)|P + C. 
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If m > 2, employing the ip-interpolation, Young and Gagliardo-Nirenberg inequal- 
ities, we have 



(41) 



< 






< 



1 



1 



< 



(i^5 + ^7)m ' 
||V(n™/2)||2 + q|„||£^||„||^+C 

||V(n"/2)||2 + C||n™/2||^^+C' 



./2 



(^5 + Kr)m 

(As + Krjm 2 

which implies p9p . 

Since (rilnn)_ < Cy/n, it is easy to check (cf. J] in the unbounded case) that 



(42) ||nlnn||Li < Kg + 2\\{-)n\\L^ + / nlnndx. 

n 

Adding ^ with ([321), and taking into account (HH) , dSH]) and (g^]), we get 

+ ifi||c||2 + K2\\Vuf + l||V(n™/2)||2 + II [/(n) lnn]_|U, 
<C(l + ||V^||i^) 

l + A"8 + ||Vc||2+ / nlnndx + 3||(-)n||L, + K2\\u\\^ 
n 

Gronwall's inequality and P^ yield 

(44) ||Vc||2 + ||nlnn|U, + ||(-)n||i, +/f2||w|p 

< l + ii:8 + ||Vc||2+ /"nlnnda; + 3||(-)n||Li+i^2||u|P < C, 
n 

and (H5)) gives 

(45) ifl||c||i^(o,T;H2) + ^2||Vu||i^(o^^.^^) 

+ ^l|V("™/')llL(o,T;L.) + ||[/(n)lnn]_|U,(o,T;LO < C. 

To conclude the proof of ([TT|) . it remains to remember p^ . pop and ([35)1 . 
Note that 



(46) |lV(n")|U,(o,T;L,) < 2||V(n™/2)||^^(„_^^^^,||„W2|,^^^^_^^^^^ < c. 
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We still require some more estimates. Firstly, let m < 2. We find 

(47) ||Vn|U„^(o,T;L„) = ||(Vnr|U,(o,T;LO 

-^livv 7|Ili(0,T;Li) 

m — 2 

In the case m > 2, let C = n~2— in ([7]). Then we derive 



™M,2-™ ||^(^W2)||2™-2 <^^ 



,,„, 2 d ,, ,„/9,, 8m(?7l— 2),„, 3Tn-2 . „, 3Tn-2 . . 



rn — 2 



(x{c)Wc,W{n"'^^)) + {f-{n),n'^)^(U{n),n'^). 



Therefore, by the Cauchy-Bunyakovsky-Schwarz and Young inequalities, 



(49) ^I!'^"/'IIl. + l|V(n^^)|p + (/_(n),n^) 



<C 



|Vc||2 + ||V(n™/2)||2 + j|„m/2||^^ 



/(0)™/2rfa; 



Gronwall's lemma and (llip imply 

(50) ||n™/2|U^(o,T;L,) + ||V(n'^)||i,(o,T;L.) + II/('^)^'^IIl,(o,T;LO < C. 

We find, via a reasoning similar to (pij) . that 

(51) ||n'=^|U,(o^T;L2) < C||V(n'^)||i,(o,T;L.) + C < C. 

J . m — 2 -, 

Now, test ([7]) by the function (n^^— ^ Q ^ ^oo^ 
(52) 



3m.-2 ^ 3T71-2 



2 / (^ m/9 >\ 8m(m — 2).^, 37,1-2 3^71-2 4m ,^, ^... - , ^..^ - ^.■•. 



771 — 2 



(x(c)Vc,CV(n"/2)) - (x(c)Vc,n™/2^C) = (/(n),Cn'^). 



Using dn]), dSni, dni), it is easy to deduce from ^^ that 

T 



(53) 



^(""^^'^) 



d<<C||C||,^i 



In the same manner, not necessarily for m > 2, we derive from pTj) . pS)) . ©-(O 
that 



(54) 



dt 



SO 



dt<C\\Q\\w^, 
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(55) 



1 

I 



dt 



ic,e) 



dt<C\\0\\l, 



(56) 



J, 

/ 



dt 



{u^ij}) 



dt<C\\i 



Note that ((54)) coincides with (|53l) for to = 2. 

Having bounds PTI) . (H51) . (ISUl) . (|55|) - (|55)) in hand, we can prove the existence 
of weak solution via approximation of (H))-® by a more regular problem, and 
consequent passage to the limit. We omit a major part of the details (see pi HI [51 [IB] 
for similar issues), and restrict ourselves on the peculiarities of passage to the limit 
in the porous-medium-like and growth terms. For definiteness, we consider the case 
of bounded fJ (the unbounded case is very similar, merely the spaces Lp should be 
replaced by Lp^ioc)- 

The growth term / can be approximated by a sequence of bounded functions 



/. 



N 



JN_ 
\f\+N 



N CzN. Let (rijv, cjv, ujv) be the corresponding sequence of solutions 



and (n, c, u) be the limit (intended to be the weak solution). 

Due to pTJ) . without loss of generality (passing to a subsequence, if necessary) 
"at ~^ n™/^ weakly in L2{0,T;H^). Assume first that m > 2. In view of ([53|. 
we can employ the Aubin-Lions-Simon lemma |15j to get n 



m/2 
N 



^m/2 strongly 
in L2{0,T;L2). On the other hand, for m < 2, un -^ n weakly in LmiO,T;W^) 
in view of (|47p and (fTTj) . Due to (|54|) . by the Aubin-Lions-Simon lemma we 



conclude that njy — > n strongly in L„(0,r;Lm), whence n 
L2{0,T; L2) again. Hence, in both cases. 



m/2 
N 



m/2 



strongly in 



V(n^) = 2n™/'V(n™/') ^ 2n"'/^V{n"'/^) = V(n") 

weakly in Li(0,r;ii). 

Finally, let us show that /jv(fiA') -^ f{n) in Li(0,T;ii). By the Vitali conver- 
gence theorem, it suffices to see that fN{nN) — ^ /("■) in measure on (0, T) x J7 (here 
and below we always mean "up to a subsequence") and | /at (ft at)] are uniformly in- 
tegrable. We have n^' -> f^^/z [^ L2{0,T;L2), thus njv — > n a.e. in (0,r) x 51. 
Therefore 



. / N ./ N /(»T-Jv) /("-at) f/ \ , n 

fN{nN) - f{n) ^ — T-Tf M , AT + -^ "^ " •^ " ^ ° 

a.e. and hence in measure. Due to pTI) . ||/jv("-Af) lnnjv||Li(o.T;Li) < C. Thus, 



(57) / |/jv(niv)|dxdt 

'l/«(nN)|>A/ 



<c 



\fN{nN)\>M 



In riAT I ^ dxdt < C | In riAf | ^ dx dt ^>- 

J\f(nN)\>M 



as M — >• -t-00. 
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4. The subcritical case 



Theorem 4.1. Let 1 < m < ^^. Suppose that 

(58) fiy) + Cfv' < /(O) + Cy 

with some positive Cf independent of y > 0, and the remaining assumptions of 
Theorem \3.1\ hold. Then problem ([T])-® possesses a weak solution. 

Proof. Let us describe the differences with the proof of Theorem l3.1l We stiU need 
to secure inequality PT|) . Firstly, (IT^ . apart from yielding p^ . gives 

(59) |||n(i)|U,+C/||nf <C(l + ||n(i)|UJ, 
whence 

(60) II^IU.(O.T;L.) < C. 

Since m < 2, 

(61) \\n"^/^L,iO.T;L,) < Ci\\n'/^L,iO,T;L,) + ||n|U,(0,T;L.)) < C. 



Thus, we do need (|39p . which only holds in the supercritical case, but instead of 
(l43ll we have 



(62) l\\Vcr + jJnlnndx + 3j^\\{-)nh,+K,:^^\\ur 

n 

+ K,\\c\\l + K2\\Vuf + l||V(n™/2)||2 + II [/(n) lnn]_|U, 

m 

<C(l + ||n|p + ||n"/2|p + ||V0||D 

l + Ks + II Vc||2 + fnlnndx + 3|| {■)n\\L, + K2\\u\\ 
u 
GronwaU's lemma, §UI, §T^ and (gH) imply dM]), (gS]) and (dH). D 

Theorem 4.2. Letn = R'^, m^l, f,x and k are C'^ -smooth, f'{y) + \f"{y)\ < C 
for y > 0, 'Vip G W^ (and independent oft), hq g H^ , cq G H^ , uq £ H^, and the 
remaining assumptions of Theorem \4-l\ hold. Then there exists a unique classical 
solution to (Il])-([6]), satisfying 

n> 0, c> 0, 

(63) neL^iO,T;H^)nL2iO,T;H^), 

(64) ceioo(0,r;i?3)ni2(0,T;ij4), 

(65) ueioo(0,T;7j3)ni2(0,r;ff4). 

Proof. We observe that 

(66) (V/(n),Vn) = (/'(n)Vn,Vn) < C\\Vnf, 
and 

(67) (A /(n). An) = (/'(n)An, An) + (/"(n)VnAn, Vn) 

< C(An, An) + C||An||||Vn||i^ < C||Anf + C||Anf ||Vn||. 
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Having this at hand, one may check that the blow-up criterion 

(68) l|Vc||i,(0,T;L^)=+OO 

proven in [2] for / = remains vaUd in our situation, and at the absence of blow-up, 
i.e. when 

(69) |iVc|U,(o,T;L^) < +00, 

the solution is unique and its regularity is determined by ([63])- (j65p . The argument 
showing that ([69]) takes place is a slight variation of the one ending the proof of 
Theorem 3 in [2]. □ 

5. Attractors 

In this section we study the long-time behaviour of problem ([T])-([5]). We restrict 
ourselves to the supercritical case (cf. Remark 15.11 below). Since we cannot es- 
tablish uniqueness of the weak solutions, we treat the question via the theory of 
trajectory attractors. More precisely, owing mainly to technical convenience, we 
use our version of the theory [551 Chapter 4] instead of more classical approaches 
of Chepyzhov-Vishik [3 and Sell [TJ. However, we do not know if the latter ones 
are applicable to ([I])-©. 

In order to simplify the presentation, we consider the autonomous case 

V0e Loo 

(independent of t). However, similar results can be obtained in the non-autonomous 
case via employment of the more involved theory of pullback trajectory attractors 
developed recently in [18] . 

We start with recalling some basic framework from 22, Chapter 4]. 

Let E and Eq be Banach spaces, E C Eq, E is reflexive. Fix some set 

n+ C C([0, +oo); £;o) n L^oiO, +oo; E) 

of solutions (strong, weak, etc.) for any given autonomous differential equation or 
boundary value problem. Hereafter, the set 'H'^ will be called the trajectory space 
and its elements will be called trajectories. Generally speaking, the nature of H^ 
may be different from the just described one. 

Definition 5.1. A set P C C([0, +oo); i?o)nLoo(0, +oo; E) is called attracting (for 
the trajectory space H^) if for any set B C H^ which is bounded in ioo(0, +oo; E), 
one has 

sup ini \\T{h)u - v\\ci[o,+oc);Eo) ,^ 0. 

Here T{h) stands for the translation (shift) operator, 

T{h){u){t)^u{t + h). 

Definition 5.2. A set P C C([0, +oo); i?o)nLoo(0, +oo;i?) is called absorbing (for 
the trajectory space T-L^) if for any set B C Ti^ which is bounded in ioo(0, +oo; E), 
there is /i > such that T{t)B C P for all t > h. 

Definition 5.3. A set U C C([0, -foo); Eq) D ioo(0, -f oo; E) is called the minimal 
trajectory attractor (for the trajectory space "H^) if 

i) U is compact in C([0, -l-oo); Eq) and bounded in Loc{0, +oo; E); 

h) T{t)U = U for any t > 0; 

iii) U is attracting; 
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iv) lA is contained in any other set satisfying conditions i), ii), iii). 

Definition 5.4. A set A <Z E \s called the global attractor (in Eq) for the trajectory 
space V.^ if 

i) A is compact in Eq and bounded in E; 

ii) for any bounded in Loo(0, +00; E') set B C H'^ the attraction property is 
fulfilled: 

sup inf ||u(i) — w||£;„ — >■ 0; 

iii) A is the minimal set satisfying conditions i) and ii) (that is, A is contained 
in every set satisfying conditions i) and ii)). 

Proposition 5.1. Assume that there exists an absorbing set P for the trajectory 
space "H^ , which is relatively compact in C([0, +00); £^0) O'l^'d bounded in Loo(0, +00; E). 
Then there exists a minimal trajectory attractor hi for the trajectory space T-L^ . 

Proposition 5.2. If there exists a minimal trajectory attractorlA for the trajectory 
space T-i^ , then there is a global attractor A for the trajectory space H^ , and for 
allt>0 one has A = {^(OIC G ^}- 

Hereafter, we make the following assumptions. 

a) 51 is bounded. 

b) m> ^. 

c) (/)£ Li, V(/>e Loo- 

d) k,x and / are continuously differentiable functions, x' ^ Oi '^ ^ Oi ^(0) — 0- 

e) The initial concentration of oxygen does not exceed some constant cq- This 
unusual assumption is necessary for the presence of a compact attractor, at least 
when /(O) — 0. Indeed, without an assumption of this kind no compact attractor 
may exist due to the presence of steady-state solutions (n = 0, c = cq, m = 0) with 
arbitrarily large constants cq independent of x. An alternative (which we do not 
like) is to fix the initial oxygen concentration, and to only let uq and uq vary. 

f) There exists a positive number 7 so that 

(70) /(y) + 272/ < C, y > 0, 

(71) 27 < ifi, 
and 

(72) 47||u|p < ||Vu||2, u€V. 

Let us specify the class of solutions to ([H)-® to be considered within this section. 

Definition 5.5. A triple {n, c, u) E ioo(0,+oo;Li x H^ x H) is an admissible 
weak solution to problem ([T|)-([5]) if it is a weak solution on each bounded interval 
[0,r], and it satisfies the inequalities 



(73) 


\\n 


||L^(t,t+i;Li) + \\n\nn\ 


L^(t,t+l;Li) 










1 ||„||max(l,m/2) 
'^ ll"-|lL„„(t,t+l;L„„,(i 


II 1 1 9 
.n./2)) + ll'^llLo„(i,t+l:Hi) 


+ \\'^\\L^{t,t+l:H) 




+ ll"l 


|2 


, II [max(4,3m 
(t,t+l;L2) +11" 


-'^1/'IIl.(m+1;L.) + I|c| 


2 ^ IU,I 
\L2{t,t+l;m) + ll^l 


|2 
\L2{t,t+UV) 






<r[i + e- 


"^*(ll"(0)||L, + ||n(0)ln 


"(o)IIl, 










+ii"(o)iir±':^.S+ 11^(0)11? +11 


H0)\\% 
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(74) ||c(i)||L^ <co 

for all t > ' "" ^^ , where F is a certain constant depending on \7(f>, k, x, /, co, 
7 and m (it will be defined during the proof of Theorem 15.11) . 

As the following proposition shows, the class of admissible weak solutions is 
sufficiently wide. 

Theorem 5.1. Let (no,co,uo) be as in Theorem \3.1\. and cq < cq- Then there 
exists an admissible weak solution to ([1} -([5]) satisfying the initial condition ^ . 

Proof. It suffices to formally estabhsh ^^ and dHl for the solutions of dH)-®, 
and to pass to the limit as in the proof of Theorem 13.11 

Inequality ([7^ is straightforward, giving also P^. 

As a consequence of (|70)) . we have 



(75) (/(y)+72/)lny<C, y>0, 
and 

(76) U{y) + -iy)yP < C, y > 0, 

for any fixed p > 0. 

We deduce from (fT2]) that 



(77) ||ln(i)|U,+7lln(t)|U, <C, 
so 

(78) |ln(OIU. <C + e-''*||no|U,. 
For t > '"^""""^^\ we have 

(79) |ln(<)|U, <C. 
Formulas (|23|) and (|75|) imply 

(80) 4 /nlnnda; + — ||V(n"/2)f +7 /nlnn 
di J TO J 

<C + i<fi|lc|l2 + ir4|ln|l2, 

whereas (1^^ gives 

(81) i|||^|p + ||V«|p<X9||n|p + |h|p. 

Muhiply dHU) by 2/^2 e'^* and add with (gH) and dHHl) muhiplied by e'^*: 

(82) l[e7t||Vc(t)||^] + ^y'e^*n(i,:E)lnn(i,x)dx + i^2^[e^*||«(t)f] 



7e^*||Vc(t)||2-if27e'^*lk(i)f 

(n™ 
< Ce^* + K^oe^*\\n{t)\\^ + A'27e^*h(t)|P 



KieT*||c(t)||^ + ir2e^*||Vu(i)||2 + ^||V(n'"/2)(t)| 

771 
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Similarly to (p9| . we see that 

(83) ||^(i)||2< 2 /^ ^^^^ 

Kiom 

Taking into account ([7^ and ([7T|) . we conclude that 

(84) ^[e^*||Vc(t)|P] + ^ye^*n(i,:E)lnn(i,x)dx + i^2^[e^1«(t)f] 

+ ^lk(t)||^ + ^\\Vu{t)r + — ||V(nW2)(,)||2 < Ce-'K 
Integration in time implies 

(85) e''''\\Vc{h)\\^ + f e'<''n{h,x)\nn{h,x) dx + K2[e'''''\\u{h)\\^] 



o 

h h h 

^'^'''"cit)\\ldt+ j ^^\\Vu{t)fdt+ /^||V(n"/2)(i)|pdi 



2 " ' '"^ J 2 " ' '" J m 



h 

<C j e-^'dt+WcoWl + WnolnnoWL.+K^Wuof. 



Therefore, 



(86) \\Vc{h)f+ I n{h,x)\nn{h,x)dx + K2\\u{h)Y 

n 

<C + e-^^dlcoll? + llnolnnolU, + i^slkolP)- 

This inequality, ^, ^ and gH) yield 

(87) ||c(/i)||2 + ||n(/i)lnn(/i)|U, + h(/i)||2 

< C(l + e-^"(||co||? + llnolU, + ||nolnno|U, + \\uof)). 
Integrating (IM|) from ft, to /i + 1, we find 



e'^('*+i)||Vc(/i+l)||2+ / p7(''+i'n(/i+l,a:)lnn(/i+l,x)dx+if2[e^^''+'^liu(/i+l)||' 



n 

h+l h+l h+1 



' "cmidt+ / !i^\\vuit)rdt+ / f^iiv(n™/2)(i)||2rfi 



2 " ' '"^ 7 2 " ' '" J m 

h h h 

h+l 

<C f e-" dt + \\cih)\\l + \\n{h)\nn{h)\\L, + K2\\u{h)\\ 

h 

Due to dlSl), ([HSl) and dHZl), we arrive at 
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(89) e''\\Vc{h + 1)||2 + e''\\n{h + 1) \nn{h + 1)\\l, + i^2e^||u(/i + 1)|P 

h+l h+1 h+1 

+ ^ J Htmdt+^ J \\Vuit)fdt + K,o J Wnrdt 

h h h 

< C(l + e-^"(||co||? + llnolli, + UnolnnolU, + ||uo||')). 
Let m > 2. Then ^ and ^ imply 



fnn\ 2 '^ II ll"'/2 , II iini/2 , Sm{m-2) 3^-2 

<C(l + ||Vcf + ||V(n™/2)||2)_ 
This, dlS]) and dUl) yield (by jSj p. 35]) 
(91) 

l!n(/i)|irl;, <e-^"''/'||no|irl;+c/e^™(*-'')/^(l + l|c(i)||^ + ||V(n™/2)(i)||2)rf, 



< e-^"ll"o|ir.^' + C / e^(*-'')(l + ||c(i)||^ + II V(n"/2)(t)in rfi 





< C(l + e-^M|no|iri', + llcoll? + llnolU, + Wnolnnoh, + |ko|P)). 
Now, integration of (|90|) from ft, to /i + 1 gives 

h+i 

(92) /" ||V(n^^^)(t)||2di 

h 

< C(l + e-^"(||no||r/' + llcoll? + ||no||L, + \\nolnnoh, + Ikof ))• 

771/ Z 

Similarly to ([ST]) . we deduce 

/i+i 

(93) I ||n(3™-2)/2(t)||^^rfi 

< C(l + e-^Mlnolirl', + llcoll? + llnolU, + llnolnnolU, + ||r.of ))• 

In view of dTS]), dST]), dHll), dH]), dSSl) and d?!]), there exists T such that (1751) 
holds true. D 

We are going to construct the minimal trajectory attractor and the global at- 
tractor for problem ((H)-®. In the sequel, we assume that 

(94) \f{y)\ < Civ"' + l),y> 0, 

and TO > 2. It seems that other supercritical values of m can also be treated, even 
without (IMl) . although m — 2 may be troublesome. For this purpose, one should 
observe that the major part of the considerations in P2] Chapter 4] and [TS] remains 
valid for non-reflexive E. 
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We let 
and 



E = L,„/2 xH^ xH 



Eo^W~'/^xH'-'xVs*, 



where d G (0, 1] is a fixed number. The trajectory space H'^ is the set of all 
admissible weak solutions to (HJ-®. It is contained in Loc,{0,+oo; E). Moreover, 
without loss of generality we may assume that it is contained in C([0, +00); (W^)* x 
(i/i)* X V*). By the Lions-Magenes lemma [H Lemma 2.2.6], Loo(0, +00; £;) n 
C([0, +00); (W,^)* X (iJi)* X V"*) c C^([0, +00); E). Since the embedding E C Eq 
is compact, H+ lies in C{[0,+oo); Eq). 

Lemma 5.1. The time derivatives of admissible weak solutions satisfy the estimate 

(95) ll'^'llL3_i(t,t+l;M/r') + l|c'llL(t.t+l;(ffi).) + lk'llL/3(t,t+l;y*) 

< *(ll"llz,2(t,t + l;i2): ll'^IU(3m-2)/2(*,t + l;i(3,„-2)/2)' 

\\c\\L^{t,t+l;m), ll"llL^(t,t+l;if), \W\\L2(tA+l;V)) 

with some continuous function ^! independent oft>0. 

Theorem 5.2. The trajectory space H^ possesses a minimal trajectory attractor 
and a global attractor. 



Proof. Due to Propositions 15.11 and 15. 2[ it suffices to find an absorbing set for the 
trajectory space "H"*", which is relatively compact in C([0, +c»); _Eo) and bounded 
in Loo(0, +oo;_E). Consider the set P of all triples {n,c,u) £ C{[0,+oo); Eq) n 
Loo{0,+oo;E) such that ([95|) and 



.y.y±,tn/ ^ ) I II II z I II 1 1 z 

"'llL„(t,t+l;L„,,n,„/2)) + ll'^llLoo(t,t+l;ffi) + \M\L^{t,t+l;H) 



\'^\\L-2(t.t+l:m) + \W\\Lo(t.t+l:V) - ^r, 



(96) \\n\\L^(^t,t+i-M) + ll^ln"llL^(t,t+i;Li) 

|max(l,m/2) n ||2 

-L IUI|2 I IU(3ni-2)/2|| 

+ ll"llL2(t,t+l;i2) + 11"- llLi(t,t+l;Li) 

lL2(t,t+l;H2) + \\'U\\L2(t,t+l;V) 

hold for every t >0. 

It is an absorbing set for the trajectory space "H^ and is bounded in Loo(0, +cxd; E). 
By the Aubin-Lions-Simon lemma, the set {y|[o,A/]i2/ G P} is relatively compact 
in C{[0,M];Eo) for any M > 0. This implies (cf. [22, p. 183]) that P is relatively 
compact in C([0, +00); i?o)- □ 

Remark 5.1. Observe that (|58|) implies (|70|) for all positive 7, in particular, for the 
ones at which ([7^ and (|7ip hold true. Thus, one can expect existence of attractors 
in the subcritical case. We leave it as an open problem. 
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